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2 1 APPROXIMATING FUNCTIONS

1 Approximating functions

1.1 Polynomial interpolation

Theorem Taylor's theorem |

Let y(x) be a function and T, y(x) its degree n Taylor approximation at zg:

. (n) T "
Toy(e) = 3 L0 (4 o) = (o) + 4/ (m0)(@ — 20) + L0 (5 — )2 +
= 2
Then the error is equal to:
_ n+1
Ty () = D () E T
y(@) = Tny(z) =y 7(€) et 1)
for some £ between x and zg.
Algorithm Lagrange interpolation |
If the value of y(x) at points xg, z1,. .. € [a,b] is known, then we can approximate y(x) by a Lagrange interpolator
(denoted II,,y) by solving the following system of equations:
y(xo) 1 zy ... af] [bo
y(x1) 1z ... z¢| b
y(xy) 1 2p ... 2| |by

The matrix is called the Vandermonde matrix.

Degree 1 Lagrange interpo/ationl

T —x T — X
H =
1y(w) y(ffo)xo - + y(xl)xl .

Proposition |

r— T,
Myy(z) = Z‘Pk(x)y(xk) or(z) = H .
— T — Xy
k=0 7=0
J#k
The functions @y, are called the Lagrange basis functions.

Proposition |

The Lagrange interpolator II,, is unique and the Vandermonde matrix is invertible.

Proposition Lagrange interpolation errorl

There exists £ € (a,b) (which depends on x and n) such that:

(n+1) n
o) - Mot = LB [0 -0 vaefa

=0

For this error formula, the function needs to be continuously differentiable n + 1 times.
This is not necessary for the computation of II,,.

1.2 Numerical integration

Proposition |

The following equations are equivalent:

g = F(®), 1), ylto) = yo < y(t) = vo + / £(y(s),5) ds

to
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Definition |

b
I(f) == / f(z)dx P4 := {polynomials of degree d}

Approximation of an integral |

We can approximate the integral I(f) by integrating the Lagrange interpolant of f:

B b m b
i~/ o)z =3 fiz) [ @)

Definition |

I(f) has degree of exactness d if

I(f)=1I(f) for f € Py and there exists ¢ € gy, such that I(q) # I(q)

Theorem |

The integral computed using a degree n polynomial interpolation has degree of exactness n < d < 2(n + 1)

1.2.1 Newton-Cotes quadratures

Definition Newton polynomial

Newton-Cotes quadratures |

n = 0: midpoint rule

n = 1: trapezoidal rule

n = 2: Simpson’s rule

Theorem |

For Newton-Cotes quadratures with even n, we have d > n + 1

Theorem Mean value theorem for integrals |

Let f, g be continuous on [a,b], and g does not change sign. Then there exists £ € (a, b) such that

[ rwwrar=1© [ o
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1.2.2 Gauss-Legendre quadrature

Definition Inner product of functions on [—1,1]

1
(f,0) = / F@)g(a)da

Definition Legendre polynomials |

Lo(l') =1
L(e) =~ (2 hole) =2

(Ez 1’2 1
Lo@) =" - 3 &L gy

Proposition Properties of the Legendre polynomials |

1. The Legendre polynomials are orthogonal to each other.

2. The degree n Legendre polynomial is orthogonal to z* for k < n.
3. (z™, Ly) = (Lp, Ly)

4. P=span{Lg, L1,...,L,}

Proposition |

L, is orthogonal to any polynomial of degree n — 1.

Theorem |

For n > 0, the roots of L,, all have multiplicity 1, and they are located in [—1,1].

Theorem Euclid’s division lemma for po/ynomia/sl

Given two univariate polynomials p and h # 0, there exist two unique polynomials ¢ (the quotient)
and 7 (the remainder) which satisfy:

p(x) = q(z)h(z) + r(x) deg(q) + deg(h) = deg(p) deg(r) < deg(h)

Definition Gauss-Legendre quadraturel

IS(f) = wkf(ww)
k=1

where z1,...,x, are the roots of L,, and wy,...,w, the weights that allow to integrate exactly polynomials of
degree m — 1 computed with the linear system:

1
filldm 1 1 1 w1
o xda X1 Ty o Ty W
1 .7 m—1 m—1 m—1
[ am e Z Ty Tim Wm,

The degree of exactness of the Gauss-Legendre quadrature with m nodes is d = 2m — 1.
Since it is built on a degree n = m — 1 polynomial interpolation, the degree of exactness is equal to 2n + 1.
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2 Root-finding

2.1 Fixed-point iterations

Definition Fixed point |

*

Let ¢¢ be a function dependent on f. We call z* a fixed point of ¢¢ if ¢¢(2*) = 2*.

Requirements of ¢ for root-finding |

To use fixed points of ¢ to find roots of f, we need the following conditions:
® ¢y has at least 1 fixed point.
e f has a root at a fixed point of ¢
o All terms of ¢; have the same dimension

The general form of a function that satisfies these conditions is:

¢s(x) =z +g(f(x)) ¢g(0)=0

Proposition Existence of fixed points |

If the following conditions hold, ¢ has at least 1 fixed point.
1. ¢5 maps [a,b] to [a,b].
2. ¢y is continuous on [a, b].

Note: these conditions do not imply uniqueness of the fixed point.

Definition Lipschitz continuity |

¢ is Lipschitz-continuous within [a, b] if there exists L > 0 such that

lp(x) — d(y)| < Llxz —y|  forall z,y € [a,d]

Proposition |

¢is C* = ¢ is Lipschitz = ¢ is C°

Definition Contractionl

¢ is a contraction if it is Lipschitz with L < 1

Theorem Uniqueness of fixed points |

Let ¢y be a function satisfying the following conditions:
1. ¢y maps [a,b] to [a,b].
2. ¢y is a contraction on [a, b].

Then ¢ has a unique fixed point on [a, b].

Theorem |

Let ¢ be a contraction that maps [a, b] to [a,b]. Define z(**1) = ¢(x;) for some initial guess .
Then z(®) converges to the unique fixed point z* of ¢ as k — oo.

Definition Newton method |

Let f € C? and f'(z) # 0 on [a,b]. Then we can define the following function and iteration method:

_f(x) (k+1) _ ()_f(m(k))
e T )

¢)N =X
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2.2 Convergence speed

Definition Convergence rate and factorl

2(¥) is convergent to z* with convergence rate p and convergence factor C'*) if

|x(k+1) _ x(k)| < C(k)|z(k) —z*P

Proposition Convergence speed |

If ¢’ is continuous and ¢’(x*) # 0, we have p = 1 and the following asymptotic convergence factor:
c) = |¢/(a")|
If ¢"" is continuous and ¢'(z*) = 0, we have p = 2 and the following asymptotic convergence factor:

(00) — |¢)H(x*)|
¢ 2

If (@, ..., 6P are continuous and #(™) (2*) = 0 for all 1 < m < p, then the convergence order is p
and the asymptotic convergence factor is
e _ 6P
p!

Proposition Convergence speed of the Newton method |

For the Newton method, if f'(x*) # 0, then we have p > 2.

2.3 Systems of equations

Solving systems of equations using the Newton method |

We can solve the linear system F'(z) = 0 (with F', z and 0 vector-valued) with the following iteration method:
2RHD — (k) _ ng(x(k))F(x(k))

where Jr denotes the Jacobian matrix.

3 Solutions of ODEs

Cauchy problem |

Let I CRand f:IxR" = R"™ Find y:I — R" such that:

y'(t) = f(t,y(t) tel
y(to) = o toe

This can be written as: .

y(t) =yo + t f(s,y(s))ds

Numerically, our goal is to find values yj such that y = y(tx) for some values of ¢ € I.
To do this, we iteratively solve the following equation:

tn+1
t

n

The Cauchy problem has a unique solution if f is continuous with respect to ¢ and Lipschitz with respect to y.
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3.1 The S-method

Forward Euler method (explicit method)

U = Yo Wiriesl = Wiy 35 (7 (G W) © (Epiin = i)

Backward Euler method (implicit method)

uo = Yo Unp+1 = Up + f(tn-i-h un—i—l) . (tn-‘rl - tn)

Midpoint method (implicit method)

tn+1 Uy + U
uo = Yo Un+1:un+f(n 2n+17 n 2n+1>'(tn+l_tn)
B-method |
Let h be the length of each interval [t,, t,11].
Uo = Yo Up41 = Up + hf(tn+67 (1 - /B)un + ﬂun-i-l)

This method is explicit for 8 = 0 and implicit for g > 0.

3.2 Asymptotic stability

Definition Asymptotic stability |

Let h be the length of each interval ¢,,,%,+1. A method is:

e unconditionally stable if u, ~—5 0 for all h > 0

n— oo

e conditionally stable if u,, ——— 0 for all 0 < h < hqit

Stability of the $-method (linear case)

1 1
For f(t,y) = Ay, the B8-method is conditionally stable for 0 < 8 < 3 and unconditionally stable for 3 <pg <Ll
Re(A)

1
In the case 0 < 5 < =, we have stability if h < ————
2 (5 - DIAP

3.3 Error analysis

Error causes |

There are three steps that can possibly cause an error:

tni1
Bt = s o / F(s,9(s)) ds
t

n

ﬂ (1) Integral approximation
Ynt+1 = Yn + hf(tnss, Y(tnss))

ﬂ (2) Approximate y(t,+3) by a linear combination
Yn+1 = Yn + hf(tntp, (1 — B)yn + BYn+1)

ﬂ (3) Replace y,, by its approximation u,

Up4+1 = Un + hf(tn+,6’a (1 - B)un + Bun+1)
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Truncation error |

For step (1), we have the following errors, called truncation errors:

1! 1 1 iV
=0 n=U8w s n TR L@ =1 =

Ly is the Lipschitz constant of f with respect to y.
The order of the truncation errors is:

__Jow setony
tolow) =3
Amplification factorl
Let f(t,y) = Ay. Then we can write the S-method as
hg(t, 1 1-—
g1 = Ap(Mh)up + 25nte) Ag(r) = 2L B)z

1— BhA 1-p52

Apg is called the amplification factor. We have asymptotic stability if |[Ag| < 1.

Error of the B-method in the linear casel

If f(t,y) = Ay, then we have the following error:

[Yn+1 — Unt1l < |Yns1 — Unga] + |Gng1 — Uy
7h(h)

<
— 1-MABh

+ Ap(hA)|yn — unl

By computing the recursion, we get the following explicit bound for the error:

max, {7,(h)} 1—|Ag|"T?
— < .
|yn+1 un+1‘ = |1 ﬂh)\| 1 | 4ﬁ|

For a fixed time T', we have

3.4 Systems of ODEs

System of ODEs |

vy = filt,ya(t), y2(t) .. yn(t)  y1(to) = 1,0
Yy = f2(t,y1(t), y2(t) .., un (b)) y1(to) = 2,0

yn = In(tyi(t),52(t) - un(t)  w1(to) = yno

B-method for systems

Ul,n f1
— _ — — _ _ u2,n — f2
Un+1 =Un+ hF(tn-l—,By (1 - /B)Un + /BUTL-‘:-l) U, = : F= o
UN,n fn

For 8 = 0, the 8-method is explicit and can be applied in the same way as before.
For other values of 3, we can apply the Newton method on the following function:

R(Uny1) = Uny1 — Up — hF(tnyp, (1 — B)Un + BUn11) =0

For the initial guess we use U,. If the Newton method does not converge, we can decrease h until it converges.




3.5 Asymptotic stability for linear systems 9 3 SOLUTIONS OF ODES

Jacobian of R |

Jr(X) = I - hBJ;(X)

3.5 Asymptotic stability for linear systems

Matrix amplification factor |

Consider the linear system ' = Az. We can write the 8-method as:

G

We have asymptotic stability if |G| < 1.

Asymptotic stability for linear systems |

Consider the linear system ¢’ = Ay.
For 8 < 1/2, we have asymptotic stability if
(B = PNil?

h < for all eigenvalues \; of A

3.6 Asymptotic stability for nonlinear ODEs

Direct Lyapunov method |

If there exists a function R™ — R such that
e V(y)=0ifand only if y =0
e V(y)>0ifand only if y # 0
e LV (y(t)) <0forally#0

then tlirgo y(t) =0.
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